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Abstract-It is demonstrated that for a compressible flow model with heat transfer, the introduction of a 
specific state equation to supplem~t the ~ntin~ty, rnorn~t~ and enthalpy equations, leads to a very 
specific form of an expression for a speed of wave propagation. Consequently, the numerous expressions 
obtained for various choices of state equations are not easily identifiable and, therefore, can not be evaluated 
directly in terms of measurable properties. By utilizing the various thermodynamic relationships, we have 
shown that these expressions are all equivalent and are identifiable as isentropic sonic velocity. As a 
corotlary to this demonstration, we have also obtained expressions in terms of measurable properties for 
various ~e~od~~ic-site variables occurring in the coefficients of the gov~ing equations. These 
expressions are required ifloss in accuracy owing to noise introduced in the direct numerical differentiation of 

the derivatives that these state-variables represent is to be avoided. 

NOMENCLATURE 

flow cross-sectional area ; 
speed wave propagation defined by 
equation (11); 
= (dh,@T),, specific heat at constant 
pressure; 
= (&J/~T),, specific heat at constant 
volume ; 
speed of wave propagation defined by 
equation (15); 
acceleration due to gravity; 
specific enthalpy ; 
pressure ; 
= qwS,lA ; 
heat flux ; 

heated or wetted perimeter ; 
specific entropy ; 
temperature of a liquid coolant ; 
time ; 
specific internal energy; 
fluid velocity ; 
coordinate in the vertical direction. 

Greek symbols 

UP’ - (dpJaT),/p, coefficient of thermal 
expansion ; 

B F, (~~/~~)=/~, isothe~al coefhcient of 
bulk compressibility; 

P S9 (ap/8P),/p, adiabatic coefficient of 
bulk compressibility; 

Y”? (@PT),, thermal pressure coefbcient ; 

A T ? (a~/ap~= ; 

1 P’ f/R,; 

I 
P’ ww), ; 

P1 fluid density; 

z WI 
wall shear stress; 

@ W? vr,,S,fA ; 
4 speed of wave propagation as 

defined by equation (22). 

INTRODUCTION 

THE COMPRESS~E liquid flow with heat transfer 
occurs in numerous nuclear reactor applications. For 
example, loss of flow resulting from pipe rupture both 
in the case of boiling water and pressurized water 
reactors, and also in the ease of liquid metal cooled fast 
breeder reactors (LMFBRs) requires the modeling of 
compressible liquid flow with heat transfer. The dy- 
namics of the coolant, subsequently to the release of 
molten fuel in the coolant channels during a power 
transient in an LMFBR, are generally analyzed in 
terms of compressible coolant flow with heat transfer. 
The governing equations are solved either by the use of 
finite-difference methods or by the method of charac- 
teristics. In both schemes, one needs to determine the 
speed of wave propagation as a function of tabulated 
properties of the liquids. In the explicit form of flnite- 
difference methods (such as Lax method, two step 
Lo-W~droff difference method, donor-cell type dif- 
ferent method), one needs speed of wave propagation 
to determine the size of time steps that satisfies stability 
criterion [I]. In the case of method of characteristics, 
the speed of wave propagation is required to determine 
the slopes of the characteristics. In this latter appli- 
cation, the form of the expression for the speed of wave 
propagation varies with the exact form of governing 
equations chosen for solution. Very frequently, these 
expressions have very diverse form and do not permit 
direct numerical evaluation in terms of the properties 
tabulated in the standard tables. In addition, the 
algebraic manipulation involved to obtain the govem- 
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ing equations in a form suitable for application of a 
given numerical method (such as the method of 
ch~a~te~stics) leads to very compIex forms of coef- 
ficients of the various terms of the resultant gove~ing 
equations. These coefficients, generally, are both func- 
tion of flow parameters and of the physical properties 
of the coolant. The purpose of the present note is to 
demonstrate various expressions arrived at in most 
common formulations of the governing equations for 
compressible liquid flow with heat transfer are equiva- 
lent and are identifiable with very famifiar expression, 
namely a 2 = @P/L@), = I/p& (see Nomenclature for 
definition of symbols) for the speed of sound defined 
for the isentropic process of state change and fluid 
Row. As a corollary to this demonstration, we will 
show how the various ~oe~~ents which depend only 
on the properties, can be expressed in a form suitable 
for direct numerical evaluation by the use of tabulated 
or measured properties. 

FORMULATION 

The most common form of the basic governing 
equations, which are utilized to describe flow through 
a coolant channel of constant cross-sectional area 
during a transient such as initiated by loss of flow due 
to pipe rupture, is [2-41: 

P = P(h, PI3 (da) 

or 

P = p(T, P), (4b) 

h = Mp, P), (k) 

or 

h = h(T, P). (4d) 

If we utilize the first equation of state (4a), we can 
make equations (l)-(3) explicit in variables v, P, h. 
The use of third state equation (4c) will render 
equations (l)-(3) explicit in p, u and P. Depending 
upon the choice of a specific form of state equation 
as we will illustrate below, we arrive at different 
expressions for the speed of wave propagation. 

Explicit in UAr~Ab~~ v, P, h 
The use of first state equation (4a) in equation (I) 

gives 

where 

(6) 

The use of equation (1) into equations (2) and (3) 
yields, 

where 

Combining equations (5) and (8) first to eliminate h 
between them and second to diminate P between 
them : 

(9) 

ah dh 2 dv R,a2 
z+v(;z-+a ~~=~-tQ,+@,), (10) 

where 

1 

a = jR,fR,/p)‘:2. 

We will show, subsequently, that the above ex- 
pression defines the isentropic sonic velocity cor- 
responding to the system of equations (7), (9) and (10) 
which are explicit in U, P and h. We may note, here, that 
properties R, and R, as defined by equation (6) are not 
directly measurable properties. It is clear that the 
numerical evaluation of these properties is required 
not only for the determination of quantity a but also 
for determining coefficients in the governing equations 
(9) and (30). 

Explicit in ua~~ables p, v, P. 
From the state equation (4c), we have 

dh = I,dp+E.,dP. 

The use of equation (12) into equation (8) yields 

Wf 

= Q,+Q,. (13) 

Eliminating the terms involving p in equation (13) by 
using equation (l), we obtain 

where 

The above expression also defines isentropic sonic 
velocity, although the form of the expression is not a 
very familiar one. In the subsequent analysis, we 
demonstrate that the above is indeed isentropic sonic 
velocity. Once again, properties i, and A, are not 
directly measurable quantities, therefore, unless we 
can demonstrate that expression (15) indeed repre- 
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sents an isentropic sonic velocity, we will not be able to 
calculate satisfactorily the numerical values for the 
quantity c. Thus, if one wants to utilize the system of 
equations (1 ), (7) and (14) which are explicit in p, u and 
P, one must numerically evaluate the quantity c as 
defined by expression (15). 
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equation (6) and from the definitions of ap and C,, we 
can write 

Explicit in variables v, P, T 
From state equation (4b), we can write 

dp = -pa,dT+p&-dP. (16) 

The use of equation (16) into equation (1) yields 

(17) 

From state equation (4d), we have 

dh = C,dT+A,dP. (18) 

The use of equation (18) into equation (8) gives 

The t julbination of equations (17) and (19) gives 

a0 a a2 
g+“;+pLyP C (Q,+%), (20) 

P 
a7 az- P&---l *25B,n2 -(Q,+W, (21) 
at YG- c, aZ c, 

where 

1 
R= 

( 

p&-l . 
(22) 

m%+~s 1’2 
P > 

Equations (20), (21) together with equation (7) repre- 
sents a system of equations that are explicit in P, Tand 
u. This system has necessitated the introduction of 
parameter R as defined by equation (22). Although not 
recognizable as it is defined in the form (22), but it will 
be shown subsequently that R is the isentropic sonic 
velocity. We, also, further recognize in view of the third 
term of equation (21) the need for numerical evalu- 
ation of quantity Ar. 

EVALUATION OF VARIOUS PARAMETERS IN TERMS OF 

MEASURABLE PROPERTIES 

Various thermodynamic-state variables such as a, c, 
Q, R,, A,, A,, AT, and R, as introduced previously must 
be expressed in terms of measurable or derived proper- 
ties for their evaluation. 

Parameters R, and 1, 

The relationships (30) and (31) will enable us to 
evaluate L, and R,, respectively, in terms of either 
directly measurable properties or properties that can 

From the definition of the narameter R. as aiven bv ,. - I be derived from other measured properties (see for 

RI=(g)ig)r= -7. (234 

From equation (23a), we obtain 

1, = -c,. 
pa, 

Equation (23) will permit us to determine Rk and 1, 
since p, C, and ap are either tabulated in properties 
tables (see for example Padilla [SJ) or can be derived 
from other measurable properties [S, 63. 

Parameters R, and 1, 
From equations (4a) and (12), we can obtain 

R= !!. 
P 0 ap h 

The use of thermodynamic relationship 

h = u+P/p 

yields 

ah 0 - ap p 
= 5,‘. 

Y, P 

(24) 

(25) 

(26) 

From the state equations (4), one can readily derive. 

(27) 

Substituting for yv from equation (27) and for C, 
= Cp&//?T (see [6] for the derivation of this re- 
lationship) into equation (26) we have 

ah 0 - 
ap p 

=c &+L 
Pa, p’ (28) 

The use of the following relationship whose derivation 
can be found in [6] and [7] 

BT-B,=z (29) 
P 

into equation (28) yields finally 

(30) 

Substituting equations (23), (30) and (29) into 
equation (24) gives 

R, = p/9,+$. 
P 

(31) 
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example [S]). For example, /I, is directly measurable 
or can be determined from the measurements of sonic 
velocity [5,6]. 

Theuseofequation (3l)and (23a~into~uation (II) 
gives 

1 1 i?P 10 
a= 

( > It,+: 
l/2 =(pps)lla= dp s ! ) . (321 

fore, can be evaluated in terms of measurable proper- 
ties. We have also derived expressions for various 
thermodynamic-state variables occurring in the coef- 
Ercients of the governing equation, in terms of measur- 
able and/or derived properties. The need for such 
expressions can hardly be overemphasize in view of 
the fact that direct numerical calculations of the 
derivatives that these state variables represent will 
introduce noise and, therefore, their accuracy will be 
suspect. The substitution of equations (23b), (30) and (29) into 

equation (IS) yields 

1 -pl, If2 ( ) dP ?-I2 
C= 

P&J-l =0”‘2= dp $ ( > ’ (33) 

Clearly, expressions (1 f ) and (15) have become iden- 
tifiable namely, each of them defines isentropic sonic 
velocity. 

~~kn~~,led~~rne~ts-~y special thanks are to Mamoru lshi: 
for his comments on the manuscript. Some useful discussions 
with Adrian Tentner are greatly appreciated. The work was 
performed under the auspices of the U.S. Department of 
Energy. 

Substituting the folIo~ng relation for A, whose 
derivation can be found in f6], 1. I _ 

A,= g ( > (34) T = f (1 - TGL*), 
2. 

and equation (29) into equation (22) gives 

1 SP Ii2 
8=@8,)“2= ap s ( > (35) 

3 _. 

The expression (22), for Q, thus, becomes recognizable. 4. 

5. 
CONCLUSIONS 

By utilizing various the~odynamic relations, we 
have been able to demonstrate that the various 6. 

expressions for the speed of wave propagation intro- 7. 
duced due to specific choices of a state equation, are 
identi~able with isentropic sonic velocity and, there- 
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SUR L’EQUIVALENCE DE PLUSIEURS EXPRESSIONS DE LA VITESSE DE 
PROPAGATION DUNE ONDE POUR DES ECOULEM~NTS DE LIQUIDES COMPR~SSI~L 

ES 
AVEC TRANSFERT DE CHALEUR 

R&urn&--On montre que pour un modtle d’ecoulement compressible avec transfert de chaleur, 
l’in~oduct~on dune equation d’etat specifique en supplement des equations de continuite, de quantit de 
mouvement et d’enthalpie, conduit a une forme trb spQifique d’expression pour la vitesse de propagation 
dune onde. En consequence, les nombreuses expressions obtenues Pour di%rents choix d’cquations d’etat 
ne sont pas aisement identifiables et ne peuvent itre CvaIuees directement en fonction des proprittes 
mesurables. En utihsant les relations de la thermodynamique, iI est montre que ces expressions sont 
to&es ~u~valentes et identifiably g la vitesse du son isentropique. Comme corrolaire a cette 
demonstration, des expressions sont obtenues en termes de proprietiis mesurables Pour plusieurs variables 
the~~ynam~ques d’etat intervenant darts tes coefficients des equations du probltme. Ces expressions 
sont n&.zessaires si l’on veut iviter la perte de precision introduite dam la diffbrentiation numerique 

directe de grandeurs derivees que les variables d’etat representent. 

ZUR GLEICHWER~GK~IT VERSCHIEDENER AUSDRUCKE FiiR DIE 
GESCHWINDIGKEIT DER WELLENAUSBREITUNG BEI KIMPRESSIBLEN 

FL~SSIGKEITSSTR~~UNGEN MIT W~RM~~BERGANG 

Zwmnfnssung-Es wird gezeigt, daR die Einfiihrung einer spezifischen Zustandsgleichung zur 
Ergiinzung der Kontinuitiits-, Impuls- und ~nthalpiegleichungen bei dem Model1 einer kompressibien 
St&mung mit Warmeiibergang zu einer sehr spezifischen Gleichungsform fur die Welenausbreitung- 
sg~ch~n~gk~t fiihrt. Folglich lassen sich die zahlreichen Ausdriicke, die man bei Verwenduug der 
unterschiedlichen Zustandsgleichungen erhiift, nicht einfach als gleich erkennen und konnen de&& such 
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nicht direkt nach megbaren Gr6Ben aufgeliist werden. Durch die Anwendung der verschiedenen 
thermodynamischen Beziehungen haben wir gezeigt, dag alle diese Ausdriicke gleichwertig sind und als 
isentrope Schallgeschwindigkeit gedeutet werden konnen. Als Folge dieser Darstellung erhielten wir such 
Ausdriicke aus megbaren Eigenschaften fur verschiedene thermodynamische Zustandsvariablen, die in 
den Koeffizienten der maBgebenden Gleichungen auftreten. Diese Ausdriicke werden benotigt, wenn 
GenauigkeitseinbuBen vermieden werden sollen, die auf das Auftreten von Instabilitlten bei der direkten 
numerischen Differentiation der Ableitungen, die diese Zustandsvariablen darstallen, zuruckzufiihren 
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sind. 

06 3KBIIBAJIEHTHOM XAPAKTEPE BbIPAJKEHIlfi )JJIJI CKOPOCTII 
PAUIPOCTPAHEHBJI BOJIHbI B IIOTOKE CTMMAEMOZi WIJIKOCTI? 

l-IPkI HAJIWIMM TEIIJIOOBMEHA 

iklHOTiWWJ - nOKa3aH0, ‘IT0 npEi OnJiCaHJiH TeYeHHR CXGiMaeMOi XGJnKOCTJi C TenJI006MeHOM 

flO6aBJJeHHe KOHJCpeTHOrO ypaBHeHJiR COCTOflHEiR K ypaBHeHHRM COXpaHeHBR MaCCbI, JiMJTy~bCa H 

3JieprJiEJ np&JBOZViT K OYeHb CneLWjJJiYeCKOfi CfJOpM.2 BblpUeHHJJ &‘JJJ CKOpOCTH paCJJpOCTpaHeHHJJ 

BOJIHbI. BcJJeilCTBtie 3TOJ.O MHOrOYJiC~eHHbIe Bblpa~eHJfR, nOJIyYeHHbIe npH WCnOJIb30BaHWB pas- 

JlWYHbJX ypaBHeHHfi COCTOIIHWJI, OKa3bIBaJOTCR TpynHO Ji~eHTEJ@WipyeMbIMJJ H HenpHrOAHbIMJf BJJJJ 

npO~lJeJiJiJI paCYCTOB B TepMJJHaX HenOCpeeFTBeHHO H3MepXeMbIX BeJIWYJiH. kiCnOJJb3yR pa3nJiYJJbIe 

TepMOAJiHaMJiYeCKHe COOTHOIIIeHHR, aBTOpb1 JIOKa3anH, ‘JTO BCe 3TU BbIpaXEHAI RBIIIIEOTCR 3KBH- 

BaJIeHTHbJMW Ji OnpeneJJSIJOT 83 3HTpOIJkJYEKykO CKOpOCTb 3ByKa. &JR nOnTBepZ%neHHJJ AaHHOrO 

BbIBOAa nOJJyYeHb1 BbIpameHBR B TepMHHaX HeI’IOCpeWTBeHHO Ji3MepJJeMbIX BeJIHWiH mJI pa3nHYHbIX 

TepMOAEiHaMJiYeCKHX napaMeTpOB, BXOAJJJIJJIX B K03@&iUHeHTbI WCXOAHbJX ypaBHeHHi. 3TIL BbIpa- 

W(eHHII Tpe6ytoTCa B TeX CnyYaJJX, KOrna HeO6XOnJiMO H36encaTb nOTepH TOYHOCTH H3-3a B‘,3H”Ka- 

JOIJIHX norpeIIJHoCTek npn npRMOM YWCneHHOM LW@~epeHUHpOBaHEIH npOJi3BOpHbIX, npeACTaB,JeHHbIX 

yKa3aHHbJMli napaMeTpaMIi COCTOIIHAJJ. 


