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Abstract—1It is demonstrated that for a compressible flow model with heat transfer, the introduction of a
specific state equation to supplement the continuity, momentum and enthalpy equations, leads to a very
specific form of an expression for a speed of wave propagation. Consequently, the numerous expressions
obtained for various choices of state equations are not easily identifiable and, therefore, can not be evaluated
directly in terms of measurable properties. By utilizing the various thermodynamic relatiqnships,' we have
shown that these expressions are all equivalent and are identifiable as isentropic sonic velocity, As a
corollary to this demonstration, we have also obtained expressions in terms of measurable properties for
various thermodynamic-state variables occurring in the coefficients of the governing equations. These
expressions are required if loss in accuracy owing to noise introduced in the direct numerical differentiation of
the derivatives that these state-variables represent is to be avoided.

NOMENCLATURE

A, flow cross-sectional area;

a, speed wave propagation defined by
equation (11);

C,, = (0h/0T),, specific heat at constant
pressure;

C,, = (0u/dT),, specific heat at constant
volume;

<, speed of wave propagation defined by
equation (15);

g, acceleration due to gravity;

h, specific enthalpy;

P, pressure;

Ouw.  =4u8/4;

4., heatflux;

R,, = (0p/oh)p;

R,, =(2p/dP);

S.,» heated or wetted perimeter;

s, specific entropy ;

T, temperature of a liquid coolant ;

t, time;

u, specific internal energy;

v, fluid velocity ;

z, coordinate in the vertical direction.

Greek symbols

Oy — (@p/0T )p/p, coefficient of thermal
expansion;

Br.  {8p/0P);/p, isothermal coefficient of
bulk compressibility ;

Bss (Op/0P),/p, adiabatic coefficient of
bulk compressibility ;

Yo»  (6P/OT),, thermal pressure coefficient ;

Ar,  (BB/EP)y;

Ao 1/R,;

Aps  (BH/OP),;

0, fluid density;
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1,,  wall shear stress;

o, v, S./4;

Q, speed of wave propagation as
defined by equation (22).

INTRODUCTION

THE compressiBLE liquid flow with heat transfer
occurs in numerous nuclear reactor applications. For
example, loss of flow resulting from pipe rupture both
in the case of boiling water and pressurized water
reactors, and also in the case of liquid metal cooled fast
breeder reactors (LMFBRs) requires the modeling of
compressible liquid flow with heat transfer. The dy-
namics of the coolant, subsequently to the release of
molten fuel in the coolant channels during a power
transient in an LMFBR, are generally analyzed in
terms of compressible coolant flow with heat transfer.
The governing equations are solved either by the use of
finite-difference methods or by the method of charac-
teristics. In both schemes, one needs to determine the
speed of wave propagation as a function of tabulated
properties of the liquids. In the explicit form of finite-
difference methods (such as Lax method, two step
Lax-Wendroff difference method, donor-cell type dif-
ferent method), one needs speed of wave propagation
to determine the size of time steps that satisfies stability
criterion [1]. In the case of method of characteristics,
the speed of wave propagation is required to determine
the slopes of the characteristics. In this latter appli-
cation, the form of the expression for the speed of wave
propagation varies with the exact form of governing
equations chosen for solution. Very frequently, these
expressions have very diverse form and do not permit
direct numerical evaluation in terms of the properties
tabulated in the standard tables. In addition, the
algebraic manipulation involved to obtain the govern-
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ing equations in a form suitable for application of a
given numerical method (such as the method of
characteristics) leads to very complex forms of coef-
ficients of the various terms of the resultant governing
equations. These coefficients, generally, are both func-
tion of flow parameters and of the physical properties
of the coolant. The purpose of the present note is to
demonstrate various expressions arrived at in most
common formulations of the governing equations for
compressible liquid flow with heat transfer are equiva-
lent and are identifiable with very familiar expression,
namely a? = (3P/2p), = 1/pB, (see Nomenclature for
definition of symbols) for the speed of sound defined
for the isentropic process of state change and fluid
flow. As a corollary to this demonstration, we will
show how the various coefficients which depend only
on the properties, can be expressed in a form suitable
for direct numerical evaluation by the use of tabulated
or measured properties.

FORMULATION

The most common form of the basic governing
equations, which are utilized to describe flow through
a coolant channel of constant cross-sectional area
during a transient such as initiated by loss of flow due
to pipe rupture, is [2—4]

dp 0

E *“*{Pv) {1
opP St
Z{pp?) = e g Y
(p )+ SprY) = —ommpg - (2)
é b5j _ 4,5, 1,8, QE 59“}_'1
a(ﬂh)Jr"é;(th) = R T 3)
p = plh P), (4a)
or
p = p{T, P), (4b)
k= h(p, P), {4c)
or
h=nT,P). {4d)

If we utilize the first equation of state (4a), we can
make equations (1)-(3) explicit in variables v, P, h.
The use of third state equation (4c) will render
equations (1)-(3) explicit in p, v and P. Depending
upon the choice of a specific form of state equation
as we will illustrate below, we arrive at different
expressions for the speed of wave propagation.

Explicit in variable v, P, h

The use of first state equation {4a) in equation (1)
gives

oh o P 0P\ o
R"(an >+R <8t+ E?) trg =0

where
_ 59) op
R"‘(éh,p Re= (aP

)

©)
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The use of equation (1) into equations (2) and (3)
yields,

82/ o, = AV o St 7
e 0z)" T e PIT T4 v
oh  Oh [ éP ap
s ) - DRI
p(f‘t+ (> Qut W+(az i (?z)’ (®a)
where
QWSW Utwsw :
e , O, = 8b
0. =% ; (8b)

Combining equations (5) and (8) first to eliminate
between them and second to eliminate P between
them:

o g R"a{ +0,)=0, (©
o toa e 0, +®, ©)
ch oh 250 Rpa ‘
a VT e, et (10
where
1
(11}

T (R, +Ru/p)

We will show, subsequently, that the above ex-
pression defines the isentropic sonic velocity cor-
responding to the system of equations (7}, {9) and (10)
which are explicitin v, P and h. We may note, here, that
properties R, and R, as defined by equation (6) are not
directly measurable properties. It is clear that the
numerical evaluation of these properties is required
not only for the determination of quantity a but also
for determining coefficients in the governing equations
(9) and (10).

Explicit in variables p, v, P.
From the state equation {4c), we have

dh = A dp+4,dP. (12)
The use of equation (12) into equation (8) yields
dp  @p P 3P
pA (c'? +v—6——>+( A ~—1)( +U(?z
=Q,+®,. (3)

Eliminating the terms involving p in equation (13) by
using equation (1), we obtain

8P éP v 1
+ + pc?. 77{_ ''''''' {Qu +®w}
oz 0z ph,—

where
s \1/2
= ,.__zzﬂ_)
pi,—1

The above expression also defines isentropic sonic
velocity, although the form of the expression is not a
very familiar one. In the subsequent analysis, we
demonstrate that the above is indeed isentropic sonic
velocity. Once again, properties 4, and 4, are not
directly measurable quantities, therefore, unless we
can demonstrate that expression (15) indeed repre-

(14)
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sents an isentropic sonic velocity, we will not be able to
calculate satisfactorily the numerical values for the
quantity c. Thus, if one wants to utilize the system of
equations (1), (7) and (14) which are explicit in p, vand
P, one must numerically evaluate the quantity c as
defined by expression (15).

Explicit in variables v, P, T
From state equation (4b), we can write

dp = —pa,dT+pprdP.
The use of equation (16) into equation (1) yields

or  oT 0P, 0P\ aw_.
P E 0z ﬁT 02 p@z— )
(17

(16)

From state equation (4d), we have
dh = C,dT +A;dP.
The use of equation (18) into equation (8) gives

CaT
p ot

(18)

oT
+v—)+ (pAr—1)

opP  oP
—+v— )= o, (19
(a[ +”az) Q. +9,. (19)
The « nabination of equations (17) and (19) gives
oP 0P dv Q2
—tv—+pQt — =2 20
o TP TP =g, @t 0)

0 T pA;—1
1 5 PAr— Qc_'i_

o Bz C, 0z

ﬁer

P

@, +®,), (21)

where
1
Q= A1 . (22)
r—
(pﬁT + Cp al’) 2

Equations (20), (21) together with equation (7) repre-
sents a system of equations that are explicit in P, Tand
v. This system has necessitated the introduction of
parameter Q as defined by equation (22). Although not
recognizable as it is defined in the form (22), but it will
be shown subsequently that Q is the isentropic sonic
velocity. We, also, further recognize in view of the third
term of equation (21) the need for numerical evalu-
ation of quantity A;.

EVALUATION OF VARIOUS PARAMETERS IN TERMS OF
MEASURABLE PROPERTIES
Various thermodynamic-state variables such as g, c,
Q R, 4, 4,,Ar,and R, asintroduced previously must
be expressed in terms of measurable or derived proper-
ties for their evaluation.

Parameters Ry, and 4,
From the definition of the parameter R, as given by
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equation (6) and from the definitions of a, and C,, we

can write
op)\ (0T po,
={=){=—) = --2. 23a)
Ko (ar)p(ah ) ¢
From equation (23a), we obtain
C
A, = ——L. (23b)
pa,

Equation (23) will permit us to determine R, and 4,
since p, C, and «,, are either tabulated in properties
tables (see for example Padilla [S]) or can be derived
from other measurable properties 5, 6].

Parameters R, and A,

From equations (4a) and (12), we can obtain

(@)

dp op), . (oh

= (2) - - W) o
op /e

The use of thermodynamic relationship

h=u+Plp 25)
yields
oh ) c, 1
=) =—+- (26)
(BP o Yo P

From the state equations (4), one can readily derive.

9
_a_P __6TP op
v=\or ),

%\ B
Substituting for y, from equation (27) and for C,
= C,B,/Br (see [6] for the derivation of this re-
lationship) into equation (26), we have

oh B, 1
<6P) ~a, Yy

The use of the following relationship whose derivation

@7)

(28)

can be found in [6] and [7]
’1&2
Br—B, = pT (29)
into equation (28) yields finally
oh Tu,B 1
A=l =—F—+~ 30
’ (ap)n pBr—B)) »p o)

Substituting equations (23), (30) and (29) into
equation (24) gives

o
R, = pB,+-L.

»=PB c,

The relationships (30) and (31) will enable us to
evaluate A, and R, respectively, in terms of either
directly measurable properties or properties that can
be derived from other measured properties (see for

(1)
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example [5]). For example, B, is directly measurable
or can be determined from the measurements of sonic
velocity [5, 6].

The use of equation (31)and {23a)into equation {11)
gives

g 1 1 (5P>1’2 (32)
= RATE ™ 1727 \3, ] -
(Rp‘f‘—h) (pﬂs) 6P L

P
The substitution of equations (23b), (30) and (29) into
equation (15} yields

- pA, \12 1 ap\12
C = ( p) - 72 = (-«-—) .
p}'p_l (pﬂs) ap s

Clearly, expressions (11) and (15) have become iden-
tifiable namely, each of them defines isentropic sonic
velocity.

Substituting the following relation for A; whose
derivation can be found in [ 6],

(33)

oh 1
AT = (EF)T = ; (1 - Tap), (34)
and equation (29)into equation (22) gives
1 apP\ '
(G,

The expression (22), for Q, thus, becomes recognizable.

CONCLUSIONS

By utilizing various thermodynamic relations, we
have been able to demonstrate that the various
expressions for the speed of wave propagation intro-
duced due to specific choices of a state equation, are
identifiable with isentropic sonic velocity and, there-
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fore, can be evaluated in terms of measurable proper-
ties. We have also derived expressions for various
thermodynamic-state variables occurring in the coef-
ficients of the governing equation, in terms of measur-
able and/or derived properties. The need for such
expressions can hardly be overemphasized in view of
the fact that direct numerical calculations of the
derivatives that these state variables represent will
introduce poise and, therefore, their accuracy will be
suspect,
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SUR L’EQUIVALENCE DE PLUSIEURS EXPRESSIONS DE LA VITESSE DE
PROPAGATION D'UNE ONDE POUR DES ECOULEMENTS DE LIQUIDES COMPRESSIBL
ES
AVEC TRANSFERT DE CHALEUR

Résumé—On montre que pour un modéle découlement compressible avec transfert de chaleur,
Tintroduction d’une équation d’état spécifique en supplément des équations de continuité, de quantit de
mouvement et d’enthalpie, conduit 4 une forme trés spécifique d’expression pour la vitesse de propagation
d’une onde. En conséquence, les nombreuses expressions obtenues pour différents choix d’équations d'état
ne sont pas aisément identifiables et ne peuvent étre évaluées directement en fonction des propriétés
mesurables. En utilisant les relations de la thermodynamique, il est montré que ces expressions sont
toutes équivalentes et identifiables 4 la vitesse du son isentropique. Comme corrolaire a cette
démenstration, des expressions sont obtenues en termes de propriétés mesurables pour plusieurs variables
thermodynamiques d’état intervenant dans les coefficients des équations du probléme. Ces expressions
sont nécessaires si 'on veut éviter la perte de précision introduite dans la differentiation numérique
directe de grandeurs dérivées que les variables d’état représentent.

ZUR GLEICHWERTIGKEIT VERSCHIEDENER AUSDRUCKE FUR DIE
GESCHWINDIGKEIT DER WELLENAUSBREITUNG BEI KIMPRESSIBLEN
FLUSSIGKEITSSTROMUNGEN MIT WARMEUBERGANG

Zusammenfassung—FEs wird gezeigt, daB die Einfihrung einer spezifischen Zustandsgleichung zur
Ergénzung der Kontinuitits-, Impuls- und Enthalpiegleichungen bei dem Modell einer kompressiblen
Stromung mit Wirmeiibergang zu einer sehr spezifischen Gleichungsform fiir die Wellenausbreitung-
sgeschwindigkeit fihrt. Folglich lassen sich die zahlreichen Ausdriicke, die man bei Verwendung der
unterschiedlichen Zustandsgleichungen erhiilt, nicht einfach als gleich erkennen und kdnnen deshalb auch
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nicht direkt nach meBbaren GroBen aufgelost werden. Durch die Anwendung der verschiedenen
thermodynamischen Bezichungen haben wir gezeigt, daB alle diese Ausdriicke gleichwertig sind und als
isentrope Schallgeschwindigkeit gedeutet werden konnen. Als Folge dieser Darstellung erhielten wir auch
Ausdriicke aus meBbaren Eigenschaften fiir verschiedene thermodynamische Zustandsvariablen, die in
den Koeffizienten der maBigebenden Gleichungen auftreten. Diese Ausdriicke werden benétigt, wenn
GenauigkeitseinbuBen vermieden werden sollen, die auf das Auftreten von Instabilititen bei der direkten
numerischen - Differentiation der Ableitungen, die diese Zustandsvariablen darstallen, zuriickzufiihren
sind.

OB DKBUBAJIEHTHOM XAPAKTEPE BbBIPAXXEHUM [JISI CKOPOCTH
PACITPOCTPAHEHMS BOJIHBLI B MTOTOKE CXUMAEMOM XUJAKOCTH
MPA HAJTMYUU TEINJIOOBMEHA

Annotamus —— IlokazaHo, YTO NpH ONMHCAHHM TEYCHHS CKUMAEMOM XHAKOCTH C TEMIOOOMEHOM
nobGaBlieHNe KOHKPETHOTO YpaBHEHMs COCTOSIHMSA K YpaBHEHMAM COXPAHEHHS MAcChl, HMMybca H
3HEpTHH NPHBOAMT K OYCHb cnenuduyeckoil GopMe BbIpaXeHHS AIA CKOPOCTH PaclpOCTpaHEHHS
BONHBL. BcneacTeue 3TOro MHOTOYHCIICHHBIE BbIPAaXEHHS, MOIYYSHHBIC NPH MCIONb30BaHMH pa3-
NUYHBIX YPABHEHUH COCTOSHMA, OKAa3bIBAIOTCA TPYLHO HICHTH(GHIHPYEMBIMH M HENIPATOJHLIMM AJIS
NpPOBEJICHHs Paci€TOB B TEPMHHAX HEMOCPEACTBEHHO U3MEPSEMBIX BeIMYMH. VICnonb3ys pas3u4Hbie
TepMOAKHAMHYECKHE COOTHOILICHHMS, aBTOPHI 10KA3aJIM, YTO BCE JITH BBIPAXKEHHS SBIAIOTCH 3KBH-
BaJICHTHBIMH M ONPEC/IAIOT W3 JHTPONHYECKYHO CKOPOCTH 3ByKa. (A mMOATBEpXIEHHS NaHHOIO
BBIBOJIA IIO/Iy4YCHEI BbIPAXKEHHS B TEPMHHAX HEMOCPEACTBEHHO H3MEPSEMBIX BEJIMYMH [T PA3JTHYHBIX
TEPMOIUHAMHYECKHX NAPAMETPOB, BXOMAWMKX B KOIG(HULMEHTE HCXOMHBIX YpaBHEHHN. DTH BbIpa-
xeHusl TpeOylOTCs B Tex Cilyyasx, Koraa HeoGXoouMo M30exaTh MOTEPH TOYHOCTH HM3-32 BO3HHMKa-
FOLIMX NOT PEINHOCTEH ITPH PAMOM YHUCIICHHOM JuddepeHIHPOBAHIN NPOX3BOAHBIX, IPEACTABICHHBIX
yKa3aHHBIMH NapaMeTpaMH COCTOSHHUS.
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